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Abstract
We prove that in the class graph of a finite group there is no independent set of three vertices.
© 2005 Elsevier Inc. All rights reserved.
Let G be a finite group. Given an element g ∈ G, we denote by gG = {gx : x ∈ G}
the conjugacy class of g in G and by π(gG) = {p: p prime divisor of |gG|} the set of the
prime divisors of the size of gG.
We define the class graph G(G) to be the (simple, nondirected) graph with vertex set
V(G) =
⋃
g∈G
π
(
gG
)
and edge set
E(G) = {{p,q}: p = q, {p,q} ⊆ π(gG) for some g ∈ G}.
The class graph G(G) has been studied in some detail: see for instance [1,2,5,6]. The
overall feeling is that G(G) tends, roughly speaking, to have many edges. To make this
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is a subset π of the vertex set of G such that no two elements of π are adjacent in G. It has
been proved in [4] that if π = {p,q} is an independent set of size two in G(G), then G is
π -solvable and the π -length of G is 1.
Here we prove that G(G) does not contain any independent set of size three.
Theorem A. Let G be a finite group and p, q , r distinct prime numbers such that
{p,q, r} ⊆ V(G). Then
{{p,q}, {p, r}, {q, r}}∩ E(G) = ∅.
In other words, for every choice of three vertices in the class graph there exists at least an
edge that joins two of them. We remark that the proof of Theorem A uses, via Theorem 5,
the Classification of Finite Simple Groups.
As an immediate consequence of Theorem A we have the following (see [5, Theo-
rem 4]):
Corollary B. If G(G) is not connected, then the connected components of G(G) are two
complete graphs.
By applying Theorem A to the set consisting of the extreme vertices and the middle
vertex in a path of length four, one also easily gets the following bound for the diameter of
G(G) (see also [5, Theorem 17]).
Corollary C. If G(G) is connected, then diam(G(G)) 3.
We finally note that Theorem A, under the additional hypothesis that the group G is
soluble, appears as Theorem 16 in [5]. There is, however, an inaccuracy in that proof, and
we give here a correction on that: see the remark at the end of the paper.
1. Preliminaries
In the following, by “group” we will always mean “finite group”.
We begin by recalling, without proofs, some well-known facts:
Lemma 1. Let G be a group.
(a) If either x, y ∈ G are elements of coprime orders and xy = yx, or if x ∈ M and y ∈ K
for M,K G with M ∩ K = 1, then π((xy)G) ⊇ π(xG) ∪ π(yG).
(b) If ϕ :G → G is a group homomorphism and g = ϕ(g), for g ∈ G, then |gG| divides
|gG|; in particular, E(G) ⊆ E(G).
(c) If N G and g ∈ N , then |gN | divides |gG|; in particular, E(N) ⊆ E(G).
(d) A prime p does not belong to V(G) if and only if G has a central Sylow p-subgroup.
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A has a complement in G.
Let K be a finite field and let Gal(K) be the Galois group of K over its prime subfield.
We define the semilinear group Γ (K), on K as the group of semilinear maps
Γ (K) =
{(
x
axσ
)
: x, a ∈ K, a = 0, σ ∈ Gal(K)
}
and its multiplication subgroup
Γ0(K) =
{(
x
ax
)
: x, a ∈ K, a = 0
}
.
Observe that Γ0(K) is a cyclic group and that it acts fixed point freely on K.
Lemma 3. Let K be a finite field with |K| = sn, s a prime and let g ∈ Γ (K).
(i) |CΓ0(K)(g)| = sn/d − 1 for some divisor d of |g|.
(ii) If 〈g〉 ∩ Γ0(K) = 1, then |CK(g)| = sn/|g|.
Proof. Let g = ( x
bxσ
)
with b ∈ K and σ a Galois automorphism of K. Let d be the order
of σ and E = Fix(σ ). Note that d divides |g| and that |E| = sn/d .
To prove (i) it is enough to consider that g−1( x
ax
)
g = ( x
aσ x
)
for all
(
x
ax
) ∈ Γ0(K). Hence
|CΓ0(K)(g)| = sn/d − 1.
We assume now that 〈g〉 ∩ Γ0(K) = 1. Then
gd =
(
x
bbσ · · ·bσd−1x
)
∈ 〈g〉 ∩ Γ0(K) = 1
and hence bbσ · · ·bσd−1 = NK/E = 1 (observe that then d = |g|). Thus by Hilbert’s Theo-
rem 90 there exists an element a ∈ K× such that b = a/aσ . Consider the map μ :K× →
K
× defined by μ(x) = x/xσ for x ∈ K×. Note that μ is a morphism of multiplicative
groups and that Kerμ = E×. Thus (ii) follows by observing that CK×(g) = μ−1(b) and
that |μ−1(b)| = |E×| = sn/d − 1. 
In the following we denote by Sylt (G) the set of the Sylow t-subgroups of G, where t
is a prime.
Lemma 4. Let M be a minimal normal subgroup of the group G and let t be a prime such
that t ∈ V(G) and t /∈ V(G/M). Then
(a) if M is nonabelian, then there exists an x ∈ M such that t ∈ π(xG);
(b) if M is abelian and Φ(G) = Z(G) = 1, then either M ∈ Sylt (G) or M is a t ′-group
and t ∈ π(xG) for all 1 = x ∈ M .
S. Dolfi / Journal of Algebra 303 (2006) 216–224 219Proof. Let T be a Sylow t-subgroup of G. Since t /∈ V(G/M), we have [T ,G]M and
MT G. Assume first that M is nonabelian. If t /∈ π(xG) for all x ∈ M , then
M =
⋃
g∈G
CM(T )
g =
⋃
m∈M
CM(T )
m
and hence M = CM(T ). Therefore T MT  G and so T  G. Thus T ∩ M  G and
therefore T ∩ M = 1. Hence [T ,G] T ∩ M = 1, against t ∈ V(G).
Assume now that M is abelian. As Φ(G) = 1, by Lemma 2 M has a complement
H in G. Let T1 be a Sylow t-subgroup of H and observe that, since H  G/M , by
Lemma 1(d) T1  Z(H). If M is a t-group then M  T and T = MT1 is normal in G.
Thus Φ(T ) = 1 and, in particular, T is abelian. It follows that T1  Z(G) = 1 and hence
M ∈ Sylt (G). If M is a t ′-group, then T1 ∈ Sylt (G). Now, CM(T1) is normal in G and it is
a proper subgroup of M because t ∈ V(G). Then CM(T1) = 1 and hence, since the Sylow
t-subgroups of G are M-conjugate, we have that t ∈ π(xG) for all 1 = x ∈ M . 
In the proof of Theorem A we will use the fact that the class graph of a group with
trivial Fitting subgroup is a complete graph (with vertex set the set of all prime divisors of
the order of the group). We stress that the proof of Theorem 5 uses the classification of the
finite simple groups.
Theorem 5. [4, Theorem 9] If F(G) = 1, then {p,q} ∈ E(G) for all p,q ∈ π(G), p = q .
Let M be an elementary abelian group of prime power order and H a group of automor-
phisms of M . If there exists a bijection α :M → GF(|M|) that induces an embedding of H
into Γ (GF(|M|)), we say that H is a subgroup of Γ (M) (and write H  Γ (M)), forgetting
the dependence on α. Accordingly, if the relevant embedding maps H into Γ0(GF(|M|)),
we shall write H  Γ0(M).
The following result about module actions is Main Theorem in [3].
Theorem 6. Let G be a finite group, M a finite G-module and q a prime divisor of
|G : CG(M)|. Assume that (q, |M|) = 1 and that Z(CG(x)) contains a Sylow q-subgroup
of G for all nontrivial x ∈ M . Then G/CG(M) is a q-nilpotent subgroup of Γ (M).
If a group G acts on the abelian group M , G also acts in a natural way on the dual
group M̂ , that is the group of the irreducible complex characters of M . The G-sets M
and M̂ are not in general permutation isomorphic. But some connections have been found,
in an even more general setting, in [8]. The following result is a particular case of [8,
Theorem A].
Proposition 7. Let G be a group acting by automorphisms on an abelian group M and let
q be a prime that does not divide |M|. Then the following are equivalent:
(i) CG(m) contains a Sylow q-subgroup of G for all m ∈ M ;
(ii) CG(μ) contains a Sylow q-subgroup of G for all μ ∈ M̂ .
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Proposition 8. Let G be a group and let p,q be distinct prime numbers such that
{p,q} ⊆ V(G) and {p,q} /∈ E(G). Let M be a minimal normal subgroup of G with
|M| = sn, s a prime, s = p,q . Assume that p /∈ V(G/M) and that M = CG(M). Then
there exists a complement H of M in G, H is q-nilpotent and H  Γ (M). Further, if
Q ∈ Sylq(H), q divides |xG| for all nontrivial x ∈ [H,Q], |Q| divides n and
∣∣[H,Q]∣∣= sn − 1
sn/|Q| − 1 .
Proof. Let P be a Sylow p-subgroup of G. Since (|P |, |M|) = 1, by a standard result on
coprime actions CG/M(PM/M) = MCG(P )/M . As p /∈ V(G/M), we get G = MCG(P ).
As CM(P )G but CG(P ) = G, it follows that H = CG(P ) is a complement of M in G.
Let h ∈ H and write [M,h] = 〈m−1mh: m ∈ M〉. Observe that [M,h] is normalized by
K = CH(h) and hence K acts on M0 = M/[M,h]. We assume now that [M,h] < M
and we show that q does not divide |H : CK(m0)| for all m0 ∈ M0. Let we consider
m0 = m[M,h] ∈ M0 with m /∈ [M,h]. If CG(mh)  Px , for some x ∈ M , then P cen-
tralizes (mh)x−1 = mhx−1 = m[x−1, h−1]h. It follows that m[x−1, h−1] ∈ H ∩ M = 1,
against the assumption m /∈ [M,h] (observe that [M,h] = [M, 〈h〉] = [M,h−1]). There-
fore, as {p,q} /∈ E(G), we have CG(mh)  Qx for some Q ∈ Sylq(H) ⊆ Sylq(G) and
some x ∈ M . Again,
Q CH(mh)x
−1 = CH
(
m
[
x−1, h−1
]
h
)
and, as Q normalizes both M and H and M ∩ H = 1, we get
Q CH
(
m
[
x−1, h−1
])∩ CH(h) CK(m0).
Therefore, q does not divide |H : CK(m0)| for all m0 ∈ M0, as this is clear for m0 = 1.
Let now M̂ be the group of linear complex characters of M . Then the action of H
on M induces an action of H on M̂ . Let φ be a nonprincipal character in M̂ and let
h ∈ CH(φ). Then [M,h]  Ker(φ) < M and hence by Proposition 7, considering the
action of K = CH(h) on M0 = M/[M,h] and on M̂0, we see that q does not divide
|H : K||K : CK(φ0)| = |H : CK(φ0)| where φ0 is the character of M0 corresponding
to φ. Thus CCH (φ)(h) = CH(φ) ∩ CH(h) = CK(φ0) contains a Sylow q-subgroup of H
and this holds for all h ∈ CH(φ). It follows that q /∈ V(CH (φ)) and hence Z(CH (φ))
contains a Sylow q-subgroup of H for all 1M = φ ∈ M̂ . Therefore, by Theorem 6 H is
q-nilpotent. Observe also that the Sylow q-subgroups of H are cyclic groups, because
(viewing H as a subgroup of Γ (M̂)) H ∩ Γ0(M̂) is a q ′-group. Further, we have that
M̂ \ {1M} is disjoint union of the subsets CM̂(Q) \ {1M} for Q ∈ Sylq(H), since each
nonprincipal φ ∈ M̂ is centralized by exactly one Sylow q-subgroup of H . Observe now
that p ∈ π(xG) for all 1 = x ∈ M , because CM(P ) = 1, and hence M \ {1} is the dis-
joint union of the subsets CM(Q) \ {1} for Q ∈ Sylq(H). Now, by Brauer Permutation
Lemma |CM(Q)| = |Ĉ(Q)|, since Q is cyclic. We hence get CM(Q1) ∩ CM(Q2) = 1M
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q-subgroup of H for all 1 = m ∈ M . Therefore, as H is q-nilpotent, Z(CH (m)) contains
a Sylow q-subgroup of H for all 1 = m ∈ M . Applying again Theorem 6 it follows that
H  Γ (M).
Let us fix now a Sylow q-subgroup Q of H . As the sets CM(Q)h \ {1}, h ∈ H , form
a partition of M \ {1}, we have sn − 1 = |H : NH(Q)||CM(Q) \ {1}|. As Q is cyclic and
Q ∩ Γ0(M) = 1, by Lemma 3(ii) we get
∣∣H : CH(Q)∣∣= ∣∣H : NH(Q)∣∣= sn − 1
sn/|Q| − 1 .
Let finally D = [H,Q]. Observe that D  Γ (M)′  Γ0(M), thus D is abelian q ′-
group. Hence D = [D,Q] ×CD(Q) and D = [H,Q] = [H,Q,Q] = [D,Q], which gives
CD(Q) = 1. Since DQ  H , it follows q ∈ π(xH ) ⊆ π(xG) for all 1 = x ∈ D. Further-
more, by Frattini argument H = DNH(Q) = DCH(Q) and hence |D| = |H : CH(Q)|. 
We now come to the proof of Theorem A. The argument that we give below does not use
the corresponding result for soluble groups [5, Theorem 16]. We thus have, in particular,
a new proof of [5, Theorem 16]. We point out, however, that in the solvable case one can
use [3, Proposition 9] instead of the deeper Theorem 6.
Theorem A. Let G be a group and p, q , r distinct prime numbers such that {p,q, r} ⊆
V(G). Then
{{p,q}, {p, r}, {q, r}}∩ E(G) = ∅.
Proof. Let G be a counterexample of minimal order.
Let us fix, in the following, P ∈ Sylp(G), Q ∈ Sylq(G) and R ∈ Sylr (G).
Observe also that, by Lemma 1(b) and (c), if N is a proper nontrivial normal subgroup
of G, then {p,q, r} is neither a subset of V(N) nor of V(G/N).
(1) Φ(G) = 1.
If Φ = Φ(G) = 1, then t /∈ V(G/Φ) for some t ∈ {p,q, r}. Let T be a Sylow t-
subgroup of G. As TΦ/Φ is central in G/Φ , we see that G = NG(T )Φ = NG(T ) and
T is normal in G. Let H be a t-complement of G. Then T = [H,T ]CT (H)  ΦCT (H)
and hence G = TH = ΦCT (H)H = CT (H)H . It follows T = CT (H), so G = T × H
and we get a contradiction by Lemma 1(a),(d).
(2) Z(G) = 1.
By (1) and Lemma 2, Z(G) has a complement L in G. But the groups G = Z(G) × L
and L have the same sets of sizes of conjugacy classes and hence by minimality Z(G) = 1.
(3) G has no nonabelian minimal normal subgroups.
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K = CG(M). Since M ∩K = 1, we have CG/K(MK/K) = K/K and hence F(G/K) = 1.
By Theorem 5 then G(G/K) is a complete graph with vertex set π(G/K) and it fol-
lows that |{p,q, r} ∩ π(G/K)|  1. Thus we can assume that P,Q  K . Further, by
minimality of G there is a t ∈ {p,q, r} such that t /∈ V(G/M). Observe that t = p,
as otherwise [P,G]  M ∩ K = 1, contradicting p ∈ V(G). Similarly, t = q . Hence
t = r and by Lemma 4(a) there is an element x ∈ M such that r ∈ π(xG). Observe
also that {p,q} ∩ V(K) = ∅, as otherwise P and Q are normal in G and then, because
{p,q} /∈ E(G), G = CG(P ) ∪ CG(Q) giving the contradiction P  Z(G) or Q  Z(G).
Thus there exists an element y ∈ K such that, say, p divides |yG|. But now by Lemma 1(a)
pr divide |(xy)G|, a contradiction.
(4) F = F(G) is product of minimal normal subgroups of G and CG(F) = F .
The first claim follows by (1) and [7, III.4.5]. We now prove that F coincides with the
generalized Fitting subgroup F ∗ of G. Let L be a component of G, which means that
L is a quasi-simple subnormal subgroup of G. Since Φ(L)  Φ(G) = 1, the subgroup
Z(L) has a complement L0 in L by Lemma 2. Since L0 is a nonabelian simple subnormal
subgroup of G, the normal closure of L0 in G is a nonabelian minimal normal subgroup
of G, against (3). It follows that F = F ∗ and hence CG(F) = F .
We are now going to distinguish two cases.
(I) Assume first that G has an unique minimal normal subgroup M . Then M = F(G)
and CG(M) = M .
Write |M| = sn with s a prime number. We remark that s = p,q, r : if, say, s = p then
p ∈ π(gG) for all g ∈ G \ M , hence q, r /∈ V(G/M) and this gives a contradiction by
Lemma 4(b).
By the minimality of G and the symmetry among p, q and r , we can assume that p /∈
V(G/M). Applying Proposition 8 to {p,q} and {p, r}, it follows that M has a complement
H in G and that H is a q-nilpotent and r-nilpotent subgroup of Γ (M).
Further,
∣∣[H,Q]∣∣= sn − 1
sn/|Q| − 1 and
∣∣[H,R]∣∣= sn − 1
sn/|R| − 1 .
Hence gcd(|[H,Q]|, |[H,R]|) = 1, because if a, b, c ∈ N with b, c divisors of a and
gcd(a/b, a/c) = 1, then a = lcm(b, c). Now [H,Q], [H,R]H ′ which is a cyclic group,
being a subgroup of Γ0(M), and then [H,Q]∩ [H,R] = 1. But if x ∈ [H,Q]∩ [H,R] and
x = 1, then {q, r} ⊆ π(xG) by Proposition 8, a contradiction.
(II) Assume now that G has more than one minimal normal subgroup. If M1 and M2
are minimal normal subgroups of G, M1 = M2, then t1 /∈ V(G/M1) and t2 /∈ V(G/M2)
for some t1, t2 ∈ {p,q, r}. Note that t1 = t2, as otherwise t1 /∈ V(G). Now, G can not have
both a normal Sylow t1-subgroup T1 and a normal Sylow t2-subgroup T2, since otherwise
G = CG(T1) ∪ CG(T2) and hence either t1 or t2 would not belong to V(G), a contra-
diction. Further, if t1 ∈ π(xG) for an x ∈ M1 and t2 ∈ π(yG) for an y ∈ M2, then by
Lemma 1(a) {t1, t2} ⊆ π((xy)G), again a contradiction. Therefore, by Lemma 4(b), G has
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with p ∈ π(xG) for all 1 = x ∈ M , and N = R is a normal abelian Sylow r-subgroup
of G. Note further that q does not divide |M|, as otherwise from {q, r} /∈ E(G) follows
G = CG(M) ∪ CG(R), against (2).
Let K be a r-complement of G. We can assume, without loss of generality, that
P,Q  K . Observe that M is a minimal normal subgroup of K , since M centralizes R.
Suppose first that there exists a minimal normal subgroup A of K , A = M . Let 1 = x ∈ M
and 1 = y ∈ A. By Lemma 4(b) p ∈ π(xK) and hence by Lemma 1 p ∈ π((xy)K) ⊆
π((xy)G). Now x ∈ CK(R) but y /∈ CK(R) = CK(F(G)) = M , whence r ∈ π((xy)G) and
{p, r} ⊆ π((xy)G), a contradiction.
Therefore M is the unique minimal normal subgroup of K . It follows φ(K) = 1,
otherwise M  Φ(K) and hence M  Φ(G) = 1. Thus M = F(K) and CK(M) = M .
Further, {p,q} ⊆ V(K), {p,q} /∈ E(K) and p /∈ V(K/M). Recalling that (pq, |M|) = 1,
by Proposition 8, we have K = MH , with M ∩ H = 1 and H a q-nilpotent subgroup
of Γ (M). Further, writing D = [H,Q] and |M| = sn, with s a prime, it follows |D| =
(sn − 1)/(sn/|Q| − 1) and q ∈ π(xK) ⊆ π(xG) for all 1 = x ∈ D.
Since CH(R) is a proper normal subgroup of H , we can choose an element g ∈ H \
CH(R) such that the order of g is the power of some prime z.
Assume first that z = q . By Lemma 4(b) there is an element x ∈ M such that p ∈ π(xG)
and x ∈ CG(g). But then, recalling that M is a q ′-group, by Lemma 1(a) it follows {p, r} ⊆
π((xg)G), a contradiction. Hence (|g|, |Q|) = 1.
We also remark that 〈g〉∩D = 1, because q /∈ π(gG) as r ∈ π(gG) and hence q /∈ π(hG)
for all h ∈ 〈g〉.
If z is a prime divisor of |D|, then 〈g〉 ∩ Γ0(M) = 1, because D is a subgroup of the
cyclic group Γ0(M) and 〈g〉 ∩ D = 1. Hence by Lemma 3(ii) there exists a nontrivial
x ∈ CM(g). Observe that |x| = s = z, since we are assuming that z divides |D| which is
coprime with |M| because D  Γ0(M). Thus by Lemma 1(a) we have {p, r} ⊆ π((xg)G),
a contradiction. Therefore gcd(|g|, |D|) = 1.
By Lemma 3(i) |CΓ0(M)(g)| = sn/d −1 for some divisor d of |g|. Hence, recalling again
that Γ0(M) is cyclic and D  Γ0(M), we see that
∣∣CD(g)∣∣= gcd(∣∣CΓ0(M)(g)∣∣, |D|)= gcd
(
sn/d − 1, s
n − 1
sn/|Q| − 1
)
= 1
because (d, |Q|) = 1. Taking a nontrivial element x ∈ CD(g), we have (|x|, |g|) = 1 and by
Lemma 1(a) it follows that {q, r} ⊆ π((xg)G), a contradiction. The proof is complete. 
Remark. Theorem 16 in [5], which is Theorem A with the additional hypothesis that the
group G is solvable, comes now as a corollary of Theorem A. We take anyway here the
opportunity to observe that in the proof of Theorem 16 in [5] there is a claim (claim (vi))
that is not correctly stated. We give below a correction for that, referring to page numbering
and notation in [5].
• page 766: claim (vi) should read: “For each x ∈ N , x = 1, CH0(x) contains an unique
Q ∈ Sylq(H0)” instead of “For each x ∈ N , x = 1, CH (x) ∈ Sylq(H0)”;0
224 S. Dolfi / Journal of Algebra 303 (2006) 216–224• page 766, row −3: “by (vi) CE(x) contains an unique Sylow q-subgroup of E” instead
of “by (vi) CE(x) ∈ Sylq(E)”;
• page 766, row −1: “such that the Sylow q-subgroup in CE(x1) and CE(x2) are differ-
ent” instead of “such that CE(x1) = CE(x2)”;
• page 767, rows 4–5: “But then CE(x1 + x2) = CE(x1) ∩ CE(x2) does not contain any
Sylow q-subgroup of H0, against (vi)” instead of “But then CE(x1 + x2) = CE(x1) ∩
CE(x2) = 1, in contradiction with CE(x1 + x2) ∈ Sylq(E)”;
• page 768: the proof of claim (vi) can be changed, using Lemma 3(ii) as follows: “If t
divides |D|, then by (xi) 〈y〉 ∩ M(sn) = 1 and hence CN(y) = 1. As t = s, taking an
x ∈ N , x = 1 by (iii) it follows that pr divides (xy)G, a contradiction.”
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